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Phenomenological model of protected behavior in the pseudogap state of underdoped
cuprate superconductors.
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By extending previous work on the scaling of low frequency magnetic properties of the 2-1-4
cuprates to the 1-2-3 materials, we arrive at a consistent phenomenological description of protected
behavior in the pseudogap state of the magnetically underdoped cuprates. Between zero hole doping
and a doping level of ∼ 0.22 it reflects the presence of a mixture of an insulating spin liquid that
produces the measured magnetic scaling behavior and a Fermi liquid that becomes superconducting
for doping levels x > 0.06. Our analysis suggests the existence of two quantum critical points, at
doping levels, x ∼ 0.05 and x ∼ 0.22, and that d-wave superconductivity in the pseudogap region
arises from quasiparticle-spin liquid interaction, i.e. magnetic interactions between quasiparticles in
the Fermi liquid induced by their coupling to the spin liquid excitations.
PACS numbers: 74.20.Mn, 75.40.Cx, 75.40.Gb, 76.60.-k
Almost 20 years after the discovery of high-Tc cuprates,
there is still no consensus on the origin of superconduc-
tivity in these materials. In a large part this is due to an
incomplete understanding of the normal state of matter
from which it arises. In the present communication we
address this issue through a careful analysis of their mea-
sured low frequency magnetic properties. We show that
the scaling behavior found early on in the temperature-
dependent component of the static uniform planar sus-
ceptibility for the 2-1-4 materials[1, 2] extends to the
1-2-3 materials, and reflects the presence of a spin liquid
that dominates the low frequency magnetic properties of
the normal state from zero doping to doping levels of
order 0.22, the pseudogap region[3]. Quite remarkably,
this universal part of the static response agrees very well
with the theoretical Monte Carlo calculations for the 2D
Heisenberg model[4] (see Fig. 1). There is, moreover, a
second component present in the Cu-O planes through-
out this doping range; it is a Fermi liquid, whose temper-
ature independent contribution to the uniform suscepti-
bility is doping dependent[1, 2] because of the doping-
dependent changes in the relative fractions of spin liquid
and Fermi liquid[1, 2, 5]. We are thus led to a two-
component phenomenological description of the low fre-
quency magnetic properties in the pseudogap phase that
provides a unified account of their behavior, including
the crossover seen in their dynamic properties[6, 7] at a
temperature comparable to that at which the spin liquid
susceptibility displays a maximum. Our analysis sug-
gests that in the superconducting state it is the doping
dependent Fermi liquid component that forms the super-
conducting condensate, so that the doping dependence
seen in the magnetic measurements will be directly re-
flected in the doping dependence of the superconducting
condensate seen in penetration depth and other exper-
iments. We further find (see Fig. 2), from our analy-
sis of the spin-lattice relaxation rate measured in NMR
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FIG. 1: Scaling for the 63Cu Knight shift in YBa2Cu3O7[8],
YBa2Cu4O8[9, 10, 11], YBa2Cu3O6.63[12], and
Y1−xPrxBa2Cu3O7 (x = 0.05, 0.1, 015, 0.2)[13], compared
to the scaling function obtained by Nakano et al.[2] (solid
line) for the bulk spin susceptibility in La2−xSrxCuO4. T
∗ is
the temperature at which the Knight shift has a maximum.
The lower inset shows comparison of Nakano et al.[2] scaling
function (solid line) to the Heisenberg model numerical
calculations of Macivic´ and Ding[4] (solid circles). The upper
inset shows the numerical results for the correlation length[4],
which show that ξ ≃ 1 at temperature T ≃ J
experiments on both the 1-2-3 and 2-1-4 materials that
in the absence of superconductivity there are two candi-
date quantum critical points (QCP) associated with the
pseudogap matter. One suggested QCP is at a doping
level ∼ 0.22; it marks a T = 0 quantum phase transi-
tion from the conducting Fermi liquid on the right-hand
side (rhs) to pseudogap matter, in which a portion of
the quasiparticle Fermi surface has lost its low frequency
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FIG. 2: The phase diagram for high-Tc cuprate superconduc-
tors. T ∗(x) corresponds to a crossover at ξ(T, x) = 1 to the
strongly correlated phase in the spin liquid. TQC−QD is the
spin liquid crossover from the quantum critical (QC) to quan-
tum disordered (QD), or gapped spin liquid, regime. TQC−RC
is the spin liquid crossover from the QC to renormalized clas-
sical (RC) regime.
spectral weight, becoming localized in an insulating spin
liquid that coexists with the remaining Fermi liquid com-
ponent. The second proposed QCP, previously identified
by Ohsugi et al. [14], is at x ∼ 0.05 and marks a tran-
sition between two different quantum states of the spin
liquid; a quantum disordered phase on the rhs, which
could be spin glass[15],and a magnetically ordered spin
liquid on the left-hand side (lhs). The Fermi liquid is a
bystander in this transition. There are several different
ways in which such a transition could occur. For exam-
ple, the transition could be weak first order. Therefore,
we do not attempt the precise analysis of this question
in the paper. Rather, we show the presence of two com-
ponents in the spin dynamics at moderate doping levels,
and note that there is a change in its dynamics in the
vicinity of a doping level of 0.05, which makes it a can-
didate for a QCP. The two-component spin dynamics is
we believe already present at high energies of the order
of J .
We note that the presence of two critical points, and
not just one, does not contradict finding a first order
Mott transition, but rather confirms it. A proper ther-
modynamic variable for such a transition would not be
doping, but rather the chemical potential or pressure.
In some sense, doping is similar to volume for the first
order liquid-gas transition, so on general grounds one
would expect a region of phase separation as a func-
tion of doping x, rather than a sharp first-order transi-
tion. This point has been made by Lev Gor’kov in many
publications[16, 17]. Essentially our phase diagram im-
plies the onset of a phase separation regime at x=0.05
that persists up to x=0.22, a viewpoint that is confirmed
by La NMR in La2CuO4+δ[18]. The lower critical point
corresponds to the onset of the phase separation behav-
ior. At the second critical point the phase separation and
the SL disappears. Quite generally, it follows from the
two-component picture that the transition to a gapped
spin liquid can be either percolation type or stripe type,
where the correlation length is limited by finite size of
the domain. The details and the energetics of how the
domain order appears at low dopings will determine the
nature of the critical point at low doping level.
We begin our analysis by writing the low frequency
dynamic spin susceptibility in a simple two-component
form:
χ(q, ω) = f(x)χSL(q, ω) + [1− f(x)]χFL(q, ω), (1)
where f(x) is the fraction of spin liquid (SL), 1−f(x) that
of a 2D Fermi liquid (FL). In the static long wave length
limit, the Fermi liquid bulk susceptibility, χFL, is both
temperature and doping independent. When its contri-
bution is subtracted from the experimental data for the
bulk spin susceptibility we find, as shown in Fig. 1, that
the 1-2-3 materials show the same scaling behavior with
T ∗, the temperature at which the spin liquid bulk sus-
ceptibility is maximum, as had earlier been proposed for
the 2-1-4 materials[1, 2]. Not only is this scaling behav-
ior universal, but χSL follows very well the calculated[4]
bulk spin susceptibility for the Heisenberg model with a
doping-dependent exchange constant J(x) ≃ T ∗(x). The
spin liquid contribution,
f(x)χSL(T ) = χ
maxχ˜(T/T ∗(x)), (2)
is a universal function of T/T ∗.
A simple explanation for the scaling law found in the
static susceptibility of the spin liquid is that as holes
are added to the Cu-O plane, the hybridization of their
orbitals with those of the localized Cu spins makes it
possible for the latter to hop. The resultant hopping
reduces the global effectiveness of the nearest neighbor
interaction J. We note that the doping dependence of T ∗
is not far from that predicted by simple models[19] of the
consequences of that hopping,
T ∗ = J − tx, t ≃ 4.8J (3)
The spin liquid is dominant in determining the low fre-
quency dynamic magnetic behavior and this dominance
explains the success of the approach developed by Millis
et al.[20] (hereafter MMP) in their analysis of the results
of NMR experiments on the cuprates, since the MMP
dynamic susceptibility,
χSL(q, ω) =
χQ
1 + ξ2(q −Q)2 − i ω
ωSF
, (4)
is that appropriate for the scaled 2D Heisenberg nearly
antiferromagnetic liquid of localized spins characterized
by their peak static susceptibility,
χQ = αξ
2, (5)
3a correlation length, ξ, and a relaxational frequency, ωSF .
α is a temperature-independent constant.
NMR measurements of the 63Cu spin-lattice relax-
ation rate, 63T1, and the spin-echo-decay time,
63T2G,
have shown that below T ∗ one is in the z = 1 dynamic
scaling regime[6, 7] expected for the quantum critical
(QC) regime of a 2D antiferromagnet, so that, as dis-
cussed in Ref.[7], one can describe the spin dynamics us-
ing the quantum non-linear sigma model, or spin wave
theory[21, 22]. The resulting QC scaling theory[22] for
the spin liquid without long-range order gives a linear
dependence of the correlation length on temperature,
1
ξ(T, x)
= 1.04
T
c
+ a(x), (6)
where c ∝ J ∼ T ∗ is the spin wave velocity, and the offset
a(x) > 0 goes to zero at xc, a QCP that marks the onset
of long-range order. It yields a similar linear dependence
on T for 63T1T ∝ ωSF [6, 7],
63T1T = A(x) + κT
∗
T
T ∗
, (7)
with an offset A(x) that measures the distance from the
proposed QCP. The data collapse for both families shown
in Fig.3 suggests this QCP is at x ∼ 0.05. A similar anal-
ysis can be done for the high-temperature 63T1 data[6] on
the insulating side; it results in the same critical point,
as shown on the phase diagram in Fig. 2.
The QCP at x ∼ 0.05 corresponds to a zero-
temperature phase transition to a magnetically ordered
state at x < 0.05, which could be a 2D antiferromagnet,
or a spin glass. A finite correlation length at T 6= 0 or
x > 0.05 implies the presence of a gap in the spin excita-
tion spectrum,
ǫ(q) =
√
∆2 + c2(q −Q)2, ∆ =
c
ξ(T, x)
. (8)
Here c is the spin wave velocity. In the z = 1 QC regime
the gap ∆ tracks ωSF . For x > 0.05 the gap ∆ saturates
at low temperatures to ∆0 = c/ξ0(x) at the crossover to
the quantum disordered (QD) gapped spin liquid regime.
The constant energy gap ∆0 results in an exponential de-
crease of damping with temperature in the spin liquid, or,
equivalently, an exponential increase of ωSF . The energy
gap can appear in the 2D quantum spin liquid[21, 22], or
in 1D stripes of spin liquid[23] due to reduced dimension-
ality. Our analysis does not distinguish between these
possibilities. The QC-QD crossover explains the sharp
upturn in 63T1T at low temperatures observed in NMR
experiments on 1-2-3 materials. Since c(x) ∝ T ∗(x), and
decreases linearly to zero at x = 0.22, while 1/ξ0(x) in-
creases linearly from x = 0.05, the zero-temperature en-
ergy gap ∆0(x) will vanish at both critical points, and
will have a bell-shaped form similar to Tc(x).
Our analysis also casts light on the issue of intrinsic
spatial inhomogeneity in the pseudogap state[23, 24, 25].
The issue is how to reconcile the commensurate spin sus-
ceptibility peaks required by the spin liquid and the fit to
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FIG. 3: Scaling for the NMR relaxation rate T1 (a) in
La2−xSrxCuO4[14] (b) in YBa2Cu3O6+x. The offset A(x)
shown in the insets depends linearly on x, and points to a
possible QCP in the spin liquid.
the NMR data[26], with the incommensurate peaks seen
in inelastic neutron scattering experiments[27]. The reso-
lution was suggested some time ago by Slichter[28], who
pointed out that if, as a result of Coulomb interaction
between the holes, regions that were hole rich formed do-
main walls between regions in which one had nearly an-
tiferromagnetic commensurate behavior, the two kinds
of experiments were compatible. This issue has been
independently confirmed and clarified by Tranquada et
al.[23, 24], who found that the spin wave dispersion seen
in cuprate superconductors by inelastic neutron scatter-
ing is consistent with commensurate spin response of
a spin ladder, while the incommensurate structure ap-
pears as a result of the fluctuating stripe order. Further
significant experimental evidence of such order is pro-
vided by the experimental observation of two incommen-
surate peaks instead of four in a detwinned sample of
YBa2Cu3O6.6[29].
The above results make clear the key role played by the
spin liquid component in the pseudogap phase. What of
the Fermi liquid component? Our analysis strongly sug-
gests that its superconductivity must arise from its cou-
pling to the magnons that are the excitations of the spin
4liquid. The superconducting mechanism is thus electron-
magnon coupling which gives rise to an effective magnetic
quasiparticle interaction responsible for the measured d-
wave pairing state and superconductivity at high temper-
atures. The presence of intrinsically electronic dynamic
inhomogeneous behavior is, to some extent, incompati-
ble with the existence of a sharp Fermi surface, so, in
the pseudogap phase it is not clear how one develops a
consistent mathematical description of the formation of
the superconducting condensate. Some guidance in this
regard is provided by considering doping levels that ex-
ceed 0.22, since in this magnetically overdoped region
the spin liquid component disappears, leaving behind a
uniform Fermi liquid with strong magnetic quasiparticle
interactions capable of bringing about a high Tc[30]. In-
deed, starting from the magnetically overdoped side, and
reducing the doping level, it is appealing to assume that
one still has a mostly intact Fermi surface; only those
quasiparticles in the vicinity of the hot spots coupled
most strongly by magnetic interactions form the spin liq-
uid, and in the process lose their low frequency spectral
weight. In this scenario, the remaining “cold” quasi-
particles are those capable of forming the condensate,
while in the normal state these can be seen in ARPES
experiments[31] as Fermi arcs. Again, this picture likely
breaks down once an appreciable part of the FS has been
transformed to a spin liquid.
In conclusion, the underdoped pseudogap phase in
cuprate superconductors is a new state of matter, which
arises at hole doping level below x = 0.22. We have
shown that this phase is a mixture of the Fermi liquid
phase, which occurs at high doping levels, and the spin
liquid phase of the parent insulating compound. Our re-
sults are presented on the phase diagram for the pseu-
dogap state shown in Fig. 2. Two quantum critical
points are evident from our analysis of available experi-
mental data. One critical point, located at the hole dop-
ing x ≃ 0.05, is spin liquid only, and corresponds to the
disappearance of the long-range magnetic order. The sec-
ond, hidden critical point is located at the hole doping
level of x ≃ 0.22, where the spin liquid fraction vanishes.
It turns out that the spin wave velocity and T ∗(x) for the
spin liquid component also vanish at the second critical
point.
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